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Quantum phase transition of the Bose-Hubbard model on cubic lattice
with anisotropic hopping
Tao Wang and Xue-Feng Zhang∗
Department of Physics, and Center of Quantum Materials and Devices,
Chongqing University, Chongqing, 401331, China
In quantum many-body system, dimensionality plays a critical role on type of the quantum phase
transition. In order to study the quantum system during dimensional crossover, we studied the Bose-
Hubbard model on cubic lattice with anisotropic hopping by using the high order symbolic strong
coupling expansion method. The analytic series expanded boundaries between the Mott-insulator
and superfluid phase up to eighth order are calculated. The critical exponents are extracted by
Pade´ re-summation method, which clearly shows the dimensional crossover behavior. Meanwhile,
the critical points at commensurate filling can also be obtained, and they match well with the
prediction of renormalization group theory. The scaling of the gap energy and whole phase diagram
are given at last, and they can be taken as the benchmark for experiment and numerical simulations
in the future study.
PACS numbers: 64.70.Tg,73.43.Nq,11.15.Me
I. INTRODUCTION
Ultra-cold bosonic atoms trapped in the optical
lattice1, which is described by the Bose-Hubbard
model2,3, is considered as a good platform for quan-
tum simulation due to its flexibility and fine-tunability
of various quantum parameters4,5. By interfering three
laser beams which perpendicular to each others and their
counter-propagating ones, the 3D optical lattice can be
constructed, and the quantum phase transition (QPT)6
between Mott-insulator and superfluid phase can be eas-
ily observed with time of the flight by tuning the strength
of the laser beams (equivalent to depth of the lattice
potential)1. Meanwhile, the system in different dimen-
sions can be realized by varying the strength of the laser
beams in different directions7,8. As the statement of
Mermin-Wagner theorem9, the type of phase transition
is highly related to the dimensionality. In one dimen-
sion, the Mott-insulator and superfluid QPT belongs to
Berezinskii-Kosterlitz-Thouless (BKT) universality class,
and it results in the re-entrance behavior near the tip
of Mott lobe7,10. Moreover, the Bose-Hubbard model
in higher dimensions (d ≥ 2) can be analytically solved
with mean-field approach2, and the QPT is numerically
verified to be (d+1)D XY universality class11,12.
Then, these motivate the research of dimen-
sional crossover for ultra-cold bosons in optical
lattice7,8,13–15,17–21, which can be easily experimentally
realized by coupling arrays of 1D bosonic tubes18. Bas-
ing on the mean field theory, renormalization group
(RG) approach13,14 and quantum Monte-Carlo (QMC)
simulations17,19, for 1D to 2D dimensional crossover, the
BKT type QPT only exists in exactly one dimension.
It means infinitesimal inter-site tunnelling in other di-
rections will turn the transition to be 3D XY type in the
thermodynamic limit22. In addition, the changing of crit-
ical points at the commensurate filling are numerically
demonstrated to be well described by RG method13–15,23.
However, it is difficult to numerically study the QPT of
1D to 3D dimensional crossover, because of drawbacks of
different numerical approaches24.
In this paper, we use high order symbolic strong cou-
pling expansion method (HSSCE)25–27 to study 2D ar-
rays of coupled 1D tubes of ultra-cold bosonic gas, where
the inter-tube coupling is varied from zero to the same
value as the intra-tube coupling, so that the system can
be detuned from 1D to 3D. Basing on the process-chain
algorithm26, strong coupling expansion25 and symboliza-
tion, the HSSCE can give the symbolic series expansion
function of the critical line between compressible phase
(Mott-insulator) and incompressible one (superfluid) up
to very high order for different atom filling number and
anisotropy (up to eighth order in this work list in Ap-
pendix.A). In previous work27, we implement HSSCE
to isotropic 1D, 2D and 3D Bose-Hubbard model, to-
gether with Pade´ re-summation, we get very accurate
phase boundaries, which are non-distinguishable from
numerical results, and also the critical exponents ob-
tained from the function of charge gap. Thus, we expect
the HSSCE can also provide the high accuracy results
of the anisotropic 3D Bose-Hubbard model, which is not
only benefit for understanding the QPT during the 1D to
3D dimensional crossover, but also used for benchmark
of the experiments and numerical simulations.
This paper is structured as follows. In Sec.II, af-
ter briefly introducing the anisotropic 3D Bose-Hubbard
model, we describe how to implement the HSSCE on
this model, especially dealing with the anisotropy. Then,
by listing the eighth order symbolic results in Appendix
A, we discuss the universality class of phase transi-
tion changing during the 1D-3D dimensional crossover in
Sec.III, and give the quantum phase diagram of Mott-
insulator to superfluid phase for different filling and
anisotropy. Meanwhile, we demonstrate the tip of Mott
lobe fulfills the RG prediction for different filling. At last,
we make a conclusion in Sec.IV.
2II. MODEL AND METHOD
The model we considered is the Bose-Hubbard model
on cubic lattice with anisotropic hopping amplitude:
Hˆ = −t

 ∑
<i,j>x
bˆ†i bˆj + α
∑
<i,j>y,z
bˆ†i bˆj + h.c.


+
U
2
∑
i
nˆi(nˆi − 1)− µ
∑
i
nˆi, (1)
where the hopping amplitudes in x direction is t and
in y, z directions are αt with the anisotropic parameter
0 ≤ α ≤ 1; bˆ†i (bˆi) is the creation (annihilation) op-
erator on site i; nˆi is the local density operator; U is
the on-site two-body interaction which can be detuned
with Feshbach resonance and µ is the chemical poten-
tial. When α is equal to one, the system is isotropic in
three dimension. While in another limit α = 0, all the
hoppings in y and z directions are shut off and 2D ar-
ray of Bose-Hubbard chains are decoupled, so that the
system can be treated as 1D. In both limits, there exist
the QPTs between Mott-insulator and superfluid phase.
The upper (lower) phase boundary of the Mott lobe is
caused by particle (hole) excitation, and the dynamical
exponent is z = 2, while at the tip of lobe, the effective
particle-hole symmetry leads to z = 12. The whole phase
diagrams can be obtained with degenerate perturbation
theory named strong coupling expansion method25.
Taking the hopping matrix as the perturbative term,
the strong coupling expansion method aims to calculate
the energies of the ground state and single-particle (hole)
excited state in the Mott-insulator. Then, the series ex-
pansion function of the upper (lower) phase boundary
can be obtained by comparing the ground state energy
with single-particle (hole) exited one. However, the ex-
ponential increment of the calculation for higher orders
prevents reaching high precision.
The process chain approach26 takes advantages of the
Kato representations to diagram the perturbative contri-
butions in each order. After simplifying the diagrams by
considering the different symmetries (e.g. point symme-
try) and topology, the number of diagrams can be signif-
icantly decreased. Then, we can achieve very high order
(e.g. 10th order27) by numerically computing each dia-
gram. Meanwhile, the whole process is symbolized in our
previous work27 so that the results can be considered as
exact Taylor expansion of the phase boundaries, so it can
provide more accurate analysis of the QPT. Considering
the computational resource consumption is more sensi-
tive to the orders than dimensionality, the HSSCE is very
suitable for quantitatively studying the QPT during the
dimensional crossover.
The algorithm and source code of HSSCE are described
and given in previous paper27. Extending HSSCE to
anisotropic system is pretty straight forward, the dif-
ference is simplification of the diagrams. Due to the
anisotropy of the system, the point symmetry is lower
than before, so the numbers of the equivalent diagrams
are less than before. Thus, the calculation requires more
computing hours than isotropic case. After compar-
ing the perturbative energy of ground state and single-
particle (hole) excited state, we obtain the upper and
lower boundaries:
particle :
µp
U
= n−
∑
k
β(k)u (α, n)
(
t
U
)k
,
hole :
µh
U
= n− 1 +
∑
k
β
(k)
d (α, n)
(
t
U
)k
, (2)
where the coefficient of boundaries are β
(k)
u(d)(α, n) =∑k+1
i=1
∑k+1
j=1 α
i−1Bu(d)i,j (k)n
j−1 with the coefficient ma-
trix B
u(d)
i,j (k) which can be symbolically output by
HSSCE and listed in Appendix.A up to eighth order.
III. RESULTS
The HSSCE is a symbolic algorithm, as presented in
Eqn.2 and the Appendix.A, the results can be considered
as the analytic Taylor expansion of boundaries for all the
parameters. However, the boundaries have the singulari-
ties exist at the tip of Mott lobe. It means that only the
phase transition in the strongly coupled region t/U ≪ 1
can be well described by the raw data, but not around the
singularities. However, as the most important part of the
QPT, the universality class can be well detected by check-
ing the scaling behaviour of the gap energy ∆ = µp− µh
with respect to the quantum parameter t/U around the
tip of lobe. Thanks to the Pade´ re-summation method,
the behaviour of the singularity can be reappeared. In
one dimension, the re-entrance behaviour demonstrates
the BKT universality class, and the critical exponents zν
can be obtained for higher dimension in which the phase
transition belong to the (d+1)D XY universality class27.
For the anisotropic system at finite temperature, there
exists the dimensional phase transition from the 1D Lut-
tinger liquid to the 3D Bose liquid8. In comparison, at
zero temperature, the condensation can exist for arbi-
trary small anisotropic parameter α, so the QPT for 1D-
3D dimensional crossover region should be belong to 4D
XY type except pure 1D point α = 0 which belong to
BKT type22.
In the thermodynamic limit, the charge gap of Bose-
Hubbard model in d≥ 2 dimension follows the power law
scaling ∆ = A(t)(tc− t)
zν2, where A(t) is a regular func-
tion and z, ν denotes the critical exponents which char-
acterize the scaling of long range correlation. Thus, the
logarithm of charge gap
∂log∆
∂t
=
A
′
(t)
A(t)
+
zν
tc − t
(3)
has a simple pole tc and could be determined by Pade´
3FIG. 1: The critical exponents zν changing with α for dif-
ferent filling number n. For most of the region, the values
of zν are approximately around 0.56 (black dash line) and
less sensitive to the anisotropy α and filling number n. How-
ever, When α > 0.1 (yellow region), the critical exponents zν
become messy.
re-summation method:
∂log∆
∂t
=
∑nmax
n=0 ant
n
1 +
∑mmax
m=0 bmt
m
. (4)
The coefficients an and bm could be calculated by fitting
with the restriction nmax +mmax = 8. Here we choose
the most nature way nmax = mmax = 4 (other possible
choices are discussed in Appendix. B). The smallest real
positive simple pole gives the critical hopping amplitude
tc at the lobe tip or commensurate fillings, while the cor-
responding residue yields the critical exponent zν.
We show the critical exponents zν for different fill-
ing and anisotropy in Fig.1. When α ? 0.1, the re-
sults demonstrate the phase transitions are of 4D XY
type universality class with critical exponents same as
the isotropic 3D case zν ≈ 0.5625. Because d + 1 = 4 is
the upper critical dimension of the XY model, the loga-
rithm correction may result in the discrepancy with the
meanfield value zν = 1/2. However, when approaching
to the 1D limit, the fitting of critical exponents start to
be invalid. Such phenomena are not related to the filling
numbers, and we think they result from the limitation of
perturbative orders. As shown in Appendix.A, for each
perturbative term, each element of coefficient matrix are
also series expanded with respect to α. Thus, when α is
less than 0.1, the high power order of α will contribute
less, and it means the result is more like the 1D case.
To make the 4D XY type fitting still work for strong
anisotropy, the higher order terms are necessary.
In one dimension, the Bose-Hubbard chain undergoes
the BKT QPT, and the charge gap fulfils exponential
scaling behaviour ∆ = B(t) exp
(
−
W√
tc−t
)
, where B(t) is
a regular function, W is the fitting parameter and tc is
the critical point which could also be captured by Pade´
FIG. 2: The charge gap function with different α (right to left:
0, 0.005, 0.01, 0.1, 0.5, 0.8 and 1) for n = 1. For α ≥ 0.1, the
4D XY type fitting A(t)(tc − t)
zν is adopted, while α < 0.1,
the BKT type fitting B(t) exp
(
−
W√
tc−t
)
is chosen. Inset:
Two types of the fitting at α = 0.05 and n = 1.
re-summation of [log∆(t)]2. Different from the 4D-XY
type fitting, the smallest real positive pole is taken after
cancelling out the common zero points of denominator
and numerator. As shown in the inset of Fig.2, when
α = 0.05 which is smaller than the critical value 0.1, the
charge gap function with 4D XY-type fitting exhibits a
rounded tip which highly conflicts with the sharp shape
in one dimensional system. In order to depict the whole
anisotropy region in a proper way, as shown in Fig.2, we
adopt 4D XY-type and BKT-type fitting for α ≥ 0.1 and
α < 0.1, respectively. We can find the charge gap func-
tion changing from rounded to sharp when decreasing
α, and it demonstrates the scaling behaviour changing
during the dimensional crossover. If higher order terms
can be considered in the future work, we think the deep
anisotropic region can be approached with 4D XY-type
fitting. Considering the high accuracy of the HSSCE, our
results of charge gap function can be taken as benchmark
for numerical simulations10–12 and experiments1,7.
The anisotropic 3D system can be treated as 2D
array of coupled 1D tube. Because the one dimen-
sional Bose-Hubbard model can be well described by the
bosonization28, the dimensional crossover problem can be
analytically solved with help of RG approach13,14,23,29.
After taking couplings in y(z) directions as the pertur-
bation of the effective bosonized 1D Hamiltonian, the RG
equations can be constructed7,8,13,14,19,23 as follows:
dgJ
dl
= (2−
1
2K
)gJ (5)
dgu
dl
= (2−K)gu (6)
dK
dl
= 4g2J − g
2
uK
2, (7)
where gJ and gu are dimensionless parameters character-
ize the strength of hopping in y(z) direction and periodi-
4cal ‘Mott potential’, K is the Luttinger parameter of 1D
Bose-Hubbard chain and l is the flow parameter. After
comparing with the RG equations of 1D-2D crossover19,
we can find the only difference is that the coefficient of
first term in dK/dl is 4 not 2. Because the RG analysis
is around K(l) ≈ 2 and gJ is set to be zero, the ana-
lytical relation between anisotropy α and critical point
tc(α) for the superfluid to Mott-insulator transition at
commensurate fillings is same:
α = C exp(−
pis
4b
√
t1dc /tc(α) − 1
), (8)
in which C and b are constants, t1dc is the critical hopping
amplitude of the lobe tip for 1D Bose-Hubbard model,
while s is the constant related to the scaling of order
parameter. Because the charge gap ∆ ∝ 1/ξ where ξ
stands for correlation length, here the constant s is set
to be 1. Noting that, different from Ref.19, we set U = 1
as energy unit.
As shown in Fig.3, similar to the 1D to 2D dimensional
crossover19, the HSSCE data of critical points at the tip
of Mott-lobes for different filling numbers nearly coincide
with the fitting curve with Eqn.8 except the small devia-
tions when α is small. The reason for these deviations is
because we use BKT-type fitting for small α which is not
consistent with the 4D XY-type universality class con-
cluded by RG theory. Such mismatch can be recovered
by including higher order in the future work. The value
of constants C and b are list in Table I, and they are
less relevant to the filling number. Furthermore, we find
the fitting parameter b is very closed to the 1D to 2D
dimensional crossover from QMC simulation19.
constants n = 1 n = 2 n = 3 n = 10
C 10.536 10.460 10.455 10.482
b 0.120 0.121 0.121 0.120
TABLE I: The fitting constants for different filling number
basing on the Eqn. 8.
At last, we discuss the whole phase diagram at in-
commensurate fillings presented in Fig.4. Because the
HSSCE method gives the series expansion results of up-
per and lower boundaries, the phase diagram in the grand
canonical ensemble are explicit provided. As discussed in
our previous paper27, in three dimension, all coefficients
in different orders are positive, so that there is no exotic
behavior observed in the phase diagram. In comparison,
in one dimensional system, some of the coefficients are
changed to negative, so that three critical points could
exist at same chemical potential energy µ/U which is
called re-entrance behavior. Such exotic phenomena are
due to the exponential decay of the gap energy and also
reflects the QPT is belong to BKT universality class. In
Fig.4, the phase boundaries are changing from rounded
shape to the sharp one. Meanwhile, the re-entrance also
2 4 6 8
0
0.2
0.4
0.6
0.8
1
n=1
n=2
n=3
n=10
RG Fitting
FIG. 3: The relation between critical hopping amplitude tc at
commensurate fillings and the anisotropic parameter α. The
discrete data point are gotten from Pade´ re-summation Eqn.4
for different filling number. The red line is the theoretical
fitting basing on Eqn.8.
can be found for small α which reflects that the dimen-
sional crossover becomes serious when approaching to one
dimension.
0 0.05 0.1 0.15 0.2 0.25 0.3
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FIG. 4: The whole phase diagram of the anisotropic Bose-
Hubbard model for different anisotropy α (right to left: 0,
0.01, 0.05, 0.10, 0.30, 0.60, 1.00) and different fillings.
IV. CONCLUSION AND DISCUSSION
Taking advantage of the HSSCE method, we get
the symbolic series expanded phase boundaries between
Mott-insulator and superfluid phase for anisotropic Bose-
Hubbard model on cubic lattice up to eighth order. With
Pade´ re-summation method, the related critical expo-
nents zν can be extracted. However, when anisotropy
is strong α < 0.1, zν changes drastically. In order to
restore the physical process, we reconstruct the phase
5boundaries by choosing 4D XY type fitting for α ≥ 0.1,
and BKT type for α < 0.1. Then, we studied the rela-
tion between the critical point at commensurate filling
and the anisotropy, and find it matches well with the
prediction given by RG theory. At last, we also give the
whole phase diagram at incommensurate filling for dif-
ferent anisotropy α.
Because of the high flexibility and tunability, the re-
sults presented in this work could be checked by cold
atom gas experiments in optical lattice. One could pre-
pare 1D Boson gases trapped in 2D optical lattice8, thus
the hopping amplitude between tubes could be tuned by
intensity of laser coupling the tubes. The phase tran-
sition between superfluid and Mott insulator could be
captured by time-of-flight technical. The location of the
tip lobe as the function of anisotropic parameter could
be gotten by detecting the point where plateaus begin
from the expansion experiment18. In addition, when the
trapping potential is introduced, the system will exhibit
the pancake structures. The phase boundaries can be
extracted from the region of each Mott plateau, and can
be compared with our results30.
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6Appendix A: The symbolic series expansion of the phase boundaries for anisotropic Bose-Hubbard model
The boundaries of Mott lobe can be represented with series expansion form:
particle :
µp
U
= n−
∑
k
β(k)u (α, n)
(
t
U
)k
,
hole :
µh
U
= n− 1 +
∑
k
β
(k)
d (α, n)
(
t
U
)k
, (A1)
where the coefficient of upper boundary is β
(k)
u (α, n) =
∑k+1
i=1
∑k+1
j=1 α
i−1Bui,j(k)n
j−1 with the coefficient matrix Bui,j(k)
are
B
u(1) =
(
−4 −4
−2 −2
)
, Bu(2) =

 0 −8 −60 −16 −16
0 0 1

 , Bu(3) =


0 −16 −60 −44
0 −68 −210 −142
0 −20 −66 −46
0 2 3 1

 ,
B
u(4) =


0 − 1352 −
17857
60 −
2449
6 −
10597
60
0 −316 −1838 −3036 −1514
0 − 6223 −
15659
15 −
4766
3 −
11239
15
0 − 923 −
542
3 −
892
3 −
442
3
0 − 94 −
559
120 −
7
12
221
120

 ,B
u(5) =


0 313 −
387253
450 −
1638443
450 −
2188403
450 −
941863
450
0 − 40514 −
19097321
1800 −
58121101
1800 −
68366371
1800 −
27519641
1800
0 −903 − 4684909450 −
14775229
450 −
17720459
450 −
7223789
450
0 − 25229 −
260017
75 −
2510981
225 −
1013317
75 −
1245971
225
0 − 20936 −
401707
1800 −
1456567
1800 −
1803257
1800 −
737947
1800
0 65372
114703
3600
42481
1200
56453
3600
11063
3600


,
B
u(6) =


0 − 63448976048 −
12245886137
1512000 −
695777273
25200 −
70292096771
1512000 −
5679281509
151200 −
4396126631
378000
0 − 510985108 −
3957402269
63000 −
26732808157
94500 −
26397560641
47250 −
3942882856
7875 −
31526579237
189000
0 − 1597247216 −
13883931061
162000 −
38573963749
108000 −
434792528659
648000 −
62651400559
108000 −
24361535093
129600
0 − 1029677252 −
1136383799
21000 −
92334825139
378000 −
40602475367
84000 −
23428854167
54000 −
36476848183
252000
0 − 897971756 −
6445354697
567000 −
10942072933
252000 −
50536206163
648000 −
49639768249
756000 −
3794314171
181440
0 − 466354 −
53282041
94500 −
98446741
47250 −
186941341
47250 −
9228077
2625 −
12233309
10500
0 − 32920112096 −
6145973
51840 −
1299931
7000 −
1019369927
9072000 −
26507951
1512000
2100869
4536000


,
B
u(7) =


0 172081155292
29226199817
8505000 −
40776313677359
476280000 −
2860644143681
7620480 −
17569043110187
27216000
0 − 2820543409254016 −
261543252131069
952560000 −
18123177499069
9720000 −
10677162089359543
1905120000 −
16028030330232943
1905120000
0 − 54124729947628 −
7661308452911
17860500 −
182365471982893
57153600 −
28505938773306611
2857680000 −
43743064347892991
2857680000
0 − 83273919754432 −
586905879598571
1428840000 −
8185350354028231
2857680000 −
7126876800312161
816480000 −
75531105849692267
5715360000
0 − 642757627190512 −
93304063975439
714420000 −
21387397577611
22325625 −
4232810624737243
1428840000 −
6444199749517843
1428840000
0 488721839381024 −
222894050851
40824000 −
10436593904551
114307200 −
1909402585897307
5715360000 −
63304570520783
116640000
0 202502513762048
2243122165069
2857680000 −
194179244813
178605000 −
47163130806559
5715360000 −
83609709293119
5715360000
0 1377250311524096
2608966642123
5715360000
2599569516137
2857680000
10042635987533
11430720000
4617015079493
11430720000
. . . . . .
. . . . . .
−
482685930471859
952560000 −
20517348363031
136080000
−
2354998048684739
381024000 −
3373911641427409
1905120000
− 4656897396054443408240000 −
9436217113175831
2857680000
− 558158858812312135715360000 −
3212480565675379
1143072000
−
136403063466893
40824000 −
1375712097341929
1428840000
−
2369567032887617
5715360000 −
99107423249021
816480000
−
64070255378107
5715360000 −
18442465574893
5715360000
852816554717
11430720000
13030989991
2286144000


,
7B
u(8) =


0 − 87289705465990127461161728 −
18588146435171828297
70025962406400 −
413569750046670214409
350129812032000 −
14787600350917688774251
4376622650400000
0 − 95005249445409711442150720 −
13244337545102475247
8581613040000 −
264367876414238436491
21454032600000 −
301580561206259400151
6129723600000
0 − 1623835257920183968652904320 −
2373252477645589592807
625231807200000 −
96025127809245373230077
3501298120320000 −
278085466866232929313049
2693306246400000
0 − 1314377057574144168652904320 −
995937783105265674239
257448391200000 −
2350421651369022799319
73556683200000 −
5331785324269380365833
41191742592000
0 − 944473348740092368652904320 −
558926136337582161637
257448391200000 −
1589239543081246708199
102979356480000 −
59148943373367455404739
1029793564800000
0 − 50733995351617713730580864 −
136657625883731073467
257448391200000 −
1996276255302159037997
514896782400000 −
1416193691744932910423
93617596800000
0 − 11678789233897980755776 −
45265835304985762657
437662265040000 −
1666765675235287627447
3501298120320000 −
48614865808330901615719
35012981203200000
0 − 5309218208939007332 −
21947335344624203
2925549900000 −
454524239184255743
23404399200000 −
338045490925866803
9361759680000
0 − 16668936222234992938496 −
34769068111387841513
17506490601600000 −
16813066682918948423
3501298120320000 −
1295331946972830623
218831132520000
. . . . . .
. . . . . .
−
26671980610761545640463
4376622650400000 −
10410924449492715109187
1591499145600000 −
33111769841940340290731
8753245300800000 −
15828728653296464701673
17506490601600000
−
456246190744402203133
4290806520000 −
217327134904346719957
1716322608000 −
1677198534587955706049
21454032600000 −
838693437524617003943
42908065200000
− 47035289606202568606931218831132520000 −
1745666266438961774155609
7002596240640000 −
105629267865011237851279
700259624064000 −
129929631322226023742719
3501298120320000
− 18132324837192658888276436209780000 −
346809455737849275209449
1029793564800000 −
107297330482079718457187
514896782400000 −
5372707806003957287993
102979356480000
−
6109681701556168557649
51489678240000 −
2877194638779880164413
21016195200000 −
8498901170351000106563
102979356480000 −
5212373807745931214239
257448391200000
−
4190072201435437478723
128724195600000 −
39941538353675711318161
1029793564800000 −
2470393487607124610383
102979356480000 −
281309819466721802633
46808798400000
−
22145687272058418767953
8753245300800000 −
2736808376419680966983
1000370891520000 −
27906138187108288734971
17506490601600000 −
3363785027662396568069
8753245300800000
−
1282549052137542647
23404399200000 −
682401984740784199
11702199600000 −
410522570657836837
11702199600000 −
58422103525040867
6686971200000
− 48149540138509183131250463614400000 −
43424519219943077927
35012981203200000 −
2889033335083336057
17506490601600000 −
200810348470291303
35012981203200000


, and the coefficient of lower boundary is β
(k)
d (α, n) =
∑k+1
i=1
∑k+1
j=1 α
i−1Bdi,j(k)n
j−1 with the coefficient matrix Bdi,j(k)
are
B
d(1) =
(
0 4
0 2
)
B
d(2) =

 −2 4 60 16 16
−1 −2 −1

 , Bd(3) =


0 28 72 44
0 74 216 142
0 26 72 46
0 1 0 −1

 ,
B
d(4) =


−
43
30
97
10
7969
60
2983
10
10597
60
0 308 1814 3020 1514
− 145
558
5
11603
15
7042
5
11239
15
0 28 5183 292
442
3
−
1
60 −
41
20 −
977
120 −
159
20 −
221
120

 ,B
d(5) =


0 45938225
136048
75
2303461
450
420152
75
941863
450
0 531083450
1125787
100
59852027
1800
3846213
100
27519641
1800
0 3329625
2777957
225
16131283
450
9199243
225
7223789
450
0 3531475
972896
225
2810887
225
3189904
225
1245971
225
0 13361450
29329
100
541003
600
314413
300
737947
1800
0 − 3769900 −
19769
1800 −
4087
1200
569
1800 −
11063
3600


,
B
d(6) =


−
3161
1500
26927833
108000
4598004583
1512000
5795932571
378000
1855393303
56000
24357112027
756000
4396126631
378000
0 68986991575
968634697
15750
8855842207
31500
105342988399
189000
15755047813
31500
31526579237
189000
−
3703
300
403751777
108000
37990647151
648000
30799301317
108000
47795705483
81000
3286459717
6000
24361535093
129600
0 29742405175600
40853120603
756000
3436866121
14000
11464395464
23625
82144827239
189000
36476848183
252000
− 31791500
305626919
756000
1107731089
181440
4560915011
151200
10265293207
162000
7536347671
126000
3794314171
181440
0 466491575
17643341
47250
29754191
15750
364325537
94500
18243773
5250
12233309
10500
3
500
5949379
504000
484129979
9072000
2493949
31500
161105327
9072000 −
10236563
504000 −
2100869
4536000


,
8B
d(7) =


0 397333711236250
912481651201
31752000
173427383585083
952560000
799148282837
1512000
183712783847737
238140000
0 15055932377945000
19265448332759
63504000
530128616599171
272160000
202315617785353
35280000
8115116669833181
952560000
0 53779723316875
57011835834479
95256000
10827125498380181
2857680000
5250459223599319
476280000
11578483272574709
714420000
0 29284780111250
93962755567787
190512000
17995590164805689
5715360000
8785533736833223
952560000
9743281244777473
714420000
0 4326178303472500
8108389258903
47628000
1547327421338977
1428840000
754417201616777
238140000
3344755232825411
714420000
0 86856737500
4079789421839
190512000
793436945079797
5715360000
55667390342629
136080000
107916030493711
178605000
0 27559079945000
11827172977
27216000
3547898619617
1143072000
9219646684781
952560000
8647995409723
571536000
0 − 27938370000 −
2224959083
54432000 −
1621977063431
11430720000 −
421769056267
1905120000 −
434184850123
5715360000
. . . . . .
. . . . . .
8711068988611
15876000
20517348363031
136080000
493432968607007
79380000
3373911641427409
1905120000
398276643093449
34020000
9436217113175831
2857680000
4718411159783921
476280000
3212480565675379
1143072000
28904032500311
8505000
1375712097341929
1428840000
207224725526201
476280000
99107423249021
816480000
338682310657
29767500
18442465574893
5715360000
16530496043
476280000 −
13030989991
2286144000


,
B
d(8) =


−
315276383
64260000
2788741300997412661
972582811200000
1367043564877117357
25261891200000
83668627281908448049
182359277100000
33700440149666544069539
17506490601600000
0 43765104774011764032500
280242187907003197
198648450000
5389618946891445769
446959012500
1050536592960008240431
21454032600000
− 393383386180325000
172012315478400804109
1945165622400000
817038838348186882951
353666476800000
59977587466719441052789
2917748433600000
1505686264504828318680281
17506490601600000
0 44419931204714423293388480000
47827258839539894509
12713500800000
395154853935328437281
12259447200000
13493281265625073581797
102979356480000
−
9702061
315000
206234437563110213
4400827200000
4033391679143310347
3269185920000
473921127831031617683
42908065200000
2985505579185826448329
64362097800000
0 2368934530074779125737920000
7290035098296442379
16345929600000
323411483779967104817
85816130400000
7838859586585197529459
514896782400000
−
16082767
11475000
592152467309470673
389033124480000
22011497665815279697
778066248960000
12481333639755250253
56110546800000
7738913158846465383521
8753245300800000
0 227241708169457500
58682998912897
108353700000
36890627729928373
7801466400000
192505370574765427
9361759680000
104597
91800000 −
841786729152769
77806624896000 −
61448270893941083
555761606400000 −
102103272786152767
364718554200000 −
729654237448525603
7002596240640000
. . . . . .
. . . . . .
6345630203881728810623
1458874216800000
7243061034581239521359
1346653123200000
1438244989106929453141
416821204800000
15828728653296464701673
17506490601600000
152036745896413284299
1430268840000
494165012642414929513
3900733200000
559191738503504103241
7151344200000
838693437524617003943
42908065200000
2231401312787071933213
11670993734400
1627676869932832454158343
7002596240640000
15493657916750060626829
106099943040000
129929631322226023742719
3501298120320000
488280046911468358531
1716322608000
349005014669841257446871
1029793564800000
5124332464670408241073
24518894400000
5372707806003957287993
102979356480000
8875339744294997232979
85816130400000
3709866338376811902617
29422673280000
13634491690726632965003
171632260800000
5212373807745931214239
257448391200000
706660785334913765471
21454032600000
3663713001152510819389
93617596800000
4134432225011965193263
171632260800000
281309819466721802633
46808798400000
511947365891879033131
265249857600000
11692325950480172454077
5001854457600000
8638140751830018784711
5835496867200000
3363785027662396568069
8753245300800000
371686362676910173
7801466400000
671427062862928823
11702199600000
135795626230911767
3900733200000
58422103525040867
6686971200000
1302865197722412781
2917748433600000
8600742285944529613
35012981203200000 −
19864685154306389
166728481920000
200810348470291303
35012981203200000


.
Appendix B: Sensitivity of Pade resummation
A key step for us to get the critical hopping ampli-
tude and the corresponding critical exponent zν from
our eighth order strong coupling expansion series is us-
ing Pa´de re-summation method as following:
f(t) =
∑nmax
n=0 ant
n
1 +
∑mmax
m=0 bmt
m
. (B1)
The coefficients an and bm could be calculated by fitting
with the restriction nmax +mmax = 8. The most nature
way to choose the parameters (nmax,mmax) is (4, 4). In
order to check the effect of Pa´de degrees chosen, we com-
pare (4, 4) results with the case of (5, 3) and (3, 5). As
shown in Fig.5, the small discrepancy of both critical
hopping amplitude and critical exponents demonstrates
Pa´de degrees has less influence.
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FIG. 5: The critical hoppings and exponents for different
Pa´de degrees at same commensurate filling.
